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NATTIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-227

EFFECT OF ECCENTRICITY OF THE LUNAR ORBIT, OBLATENESS
OF THE EARTH, AND SOLAR GRAVITATIONAL
FIELD ON LUNAR TRAJECTORIES

By Willism H. Michael, Jr., and Robert H. Tolson
SUMMARY

Calculations have been made to determine the magnitude of the
effects on lunar trajectories of the eccentricity of the lunar orbit,
the oblateness of the earth, and the solar perturbation. Comparisons
have been made between lunar trajectories which were calculated by using
the classic restricted three-body equations of motion snd lunar trajec-
tories (with identical injection conditions) which were calculated by
using equations of motion which include terms representing the additional
effects. On the basis of such comparisons, it was found that the oblate-
ness of the earth can modify the trajectories in the vicinity of the
moon by several hundred miles or more; whereas, the eccentricity of the
moon's orbit and the gravitational gradient of the sun are relatively
less important and cause a difference in impact point of no more than
one or two hundred miles along the lunar surface. The results of such
comparisons give an indication of whether these additional considerations
should be included in trajectory calculations for particular lunar
missions.

INTRODUCTION

With the rapid development of space technology, prospects of lunar
exploration have advanced from the state of remote possibility to that
of fairly imminent probability. In parallel with the advance in tech-
nology, analytical studies of lunar trajectories have become more sophis-
ticated. Early lunar-trajectory studies, including those of references 1
to 4, considered the motion of an infinitesimal body under the gravita-
tiongl attractions of the point masses of the earth and moon. In these
studies, the earth and moon were considered to rotate in circles about
the center of mass of the earth-moon system, and the motion of the small
body was confined to the plane defined by the motion of the earth and
moon. Such two-dimensional studies have been followed more recently by
three-dimensional trajectory studies which eliminate the restriction of



confining the motion of the space vehicle to the earth-moon plane.

The three-dimensional studies, some of which are discussed in refer-
ences 5 to 7, allow consideration of such parameters as latitude of the
injection point, injection azimuth angle, declination of the moon, and
inclination of the plane of the vehicle trajectory to the earth-moon
plane.

The two- and three-dimensional studies discussed above for the most
part do not include the effects on the trajectories of the eccentricity
of the moon's orbit, the oblateness of the earth, or the gravitational
field of the sun. In reference 1, however, is included g discussion of
the approximate effects of such additional considerations, and refer-
ence 2 includes some trajectory calculations which investigate the effect
of the solar perturbation on a circumlunar mission. For particular lunar
missions in which precise trajectory calculstions are required, these
effects should be included. On the other hand, industrial and research
organizations have no doubt accumulated a large number of trajectory
calculations in which these effects have been neglected, and it is of
interest to determine to what extent inclusion of the additional effects
might influence the results previously obtained. If the effects of
inclusion of the lunar orbit eccentricity, earth's oblasteness, and solar
perturbation are small, it is possible that such effects can be neglected -
for a variety of lunar missions, and results of previous calculations or
the simplified analyses can be used.
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The present paper compares results of lunar trajectories which
include and neglect the effects of the eccentricity of the moon's orbit,
the earth's oblateness, and the solar perturbation to determine the
order of magnitude of these effects on lunar trajectories. The compari-
sons are made for lunar trajectories which impact the moon, and differ-
ences in impact points on the lunar surface due to the additional effects
are given. The results are also applicable as indications of the order
of magnitude of the perturbation effects on lunar trajectories for other
lunar missions.

SYMBOLS
a distance between centers of mass of earth and moon, miles
Bx,By,BZ nondimensional gravitational perturbation acceleration

components due to earth's oblateness

Fx,Fy,FZ perturbation acceleration components due to sun's potential
gradient, miles/hr2

in inclination of equatorial plane to earth-moon plene, deg -
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ig inclination of ecliptic to earth-moon plane, deg
J coefficient of second harmonic of earth gravitational
potential, 0.001624
ke = Mass of earth _81.45
1 " Mass of earth + Mass of moon 82.45
kp = - Mass of moon R |
Mass of earth + Mass of moon 82.45

R equatorial radius of earth, 3963.34 miles

Rg radius from origin of coordinates to sun, 92.9 X 106 miles

Ty distance from vehicle to kth body, miles

t time from injection, hr

Uy angular position of the moon measured eastward from X-axis,
deg

Ug angular position of sun in ecliptic measured eastward from
ascending node, deg

v injection velocity, mph

Vp parabolic velocity at injection altitude, 24,125.8 mph
at 300 miles altitude

X,¥,2 position components of vehicle

xk,yk,zk position components of kth body

XmsYms Zm position components of vehicle relative to moon (see fig. 1)

0 geocentric colatitude of vehicle, deg

miles2

gravitational potential of earth,
hr2
product of universal gravitational constant and mass of

3

miles

kth body,
hre



Qmn angle measured in XY plane eagstward from X-axis to node
of equator, deg

Qg angle measured in XY plane eastward from X-axis to ascending
node of sun's plane, deg

y vehicle injection angle, angle between velocity vector and
normal to radius vector, deg

Wy vehicle position angle, angle between geocentric radius
vector at injection and X-axis, measured in earth-moon
plane, deg

o initial angle between vehicle plane and earth-moon plane,
deg

Subscripts:

1 earth

2 mnoon

3 sun

EQUATIONS OF MOTION

The equations of motion of an infinitesimal body moving under the
gravitational attraction of the earth and moon have been modified to
include the additional effects of the eccentricity of the moon's orbit,
the oblateness of the earth, and the gravitational attraction of the sun.
The equations are written with respect to a coordinate system with the
X-axis as the line from the center of the earth to the center of the
moon at the time of injection, the Y-axis normal to the X-axis in the
plane of motion of the moon and positive in the direction of motion,
and the Z-axis normal to the plane of motion of the moon. The coordi-
nate system, which is shown in figure 1, has its origin at the center
of mass of the earth-moon system.
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The equations of motion of the vehicle are:

Q\
)R ()
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The product of the mass of the earth and the universal gravitational
12 miles)

2
hr
mass ratio is taken as 81.45. The B and F terms in the equations repre-
sent the perturbation accelerations on the vehicle due to the earth's
oblateness and the gravitational field of the sun, respectively.

constant by is taken as 1.239483 x 10 The earth-to-moon

The coordinates of the earth (xl,yl,O) and the moon (xz,yg,O)
are time dependent. The equations for these coordinates are:

it

Xy kga COS Up , ¥y = k2a sin uy
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X, kla cos up y2 kla sin uy



where a and u, are tabulated as functions of time. For circular
lunar orbits, a 1is constant and wu, is a linear function of time.

For eccentric lunar orbits, these parameters are calculated from data
given in reference 8. Thus, comparisons of lunar trajectories can be
made in which the orbit of the moon is considered to be either circular
or noncircular.

For consideration of the oblateness of the earth, the earth is
taken as an oblate spheroid. It is further assumed that the first two
terms of the expansion of the potential will give sufficient accuracy
for this investigation. With these assumptions, the earth gravitational
potential function is

r

K 2
¢ - 1+ QB—(L - cos %
1 ry

where the first term in the bracket is the potential function for the
spherical earth and the following terms represent the oblateness effect.
The gravitational force components along the coordinate axes are the
negative gradients of the potential; for instance, the force along the
X-axis is given by

3. 2 1 3

T ¥« Brl Ax 39 Ax

The geocentric colatitude of the vehicle can be obtained from the posi-
tion coordinates of the vehicle and the geometry of the situation. The
expression for the geocentric colatitude of the vehicle 1is

_ . _ s _ s _ .
cos 9 = - FI[_ (x Xl) sin ip sin Qp + (y yl) sin ip cos Qp - z cos 1nJ

The angular relations are shown in figure 2. After performing the indi-
cated differentiation and combining terms, the nondimensional perturba-
tion acceleration components due to the earth's oblateness are

- JR2<1 - 5 cosZe , 2.cos 9 sin ip sin Qm>

* ] X~ Xy




2 - JR?/l - 5 cos?9 2 cos 8 sin iy cos Qm)
rl\ ry Yy -V,
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z
ry \ ry z

The value for J is taken as 0.001624 from reference 9.

The solar acceleration of the vehicle with respect to the inertial
coordinate system is the vector difference between the solar accelera-
tion of the vehicle and the solar acceleration of the origin of the
coordinate system. The components of the perturbation accelerations
have been determined by standard perturbation methods from considera-
tions similar to those discussed in reference 10. The terms to be
entered into equation (1) to account for the solar gravitational field
are
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x = H3S 5(3 R3

J
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where
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r5= %x—x3)2+(y-y5)2+(z-25)

The product of the sun's mass and the universal gravitational
17 miles’
hrl

revolve about the origin with constant angular velocity, in a plane
inclined at a constant angle to the earth-moon plane and at a constant

constant bz is taken as 4.15 x 10 The sun is assumed to



radius from the origin. The equations used to specify the coordinates
of the center of mass of the sun are

It

Rg(cos ug cos Qg - sin ug sin Qg cos is)
V3 = Rg(cos ug sin Qg + sin ug cos Qg cos ig)

= Rg sin ug sin ig

N
W
1

where ug 1s the angular position of the sun in the ecliptic and
increases at a rate of about 0.041 deg/hr. The value of ug 1is computed
as a phase angle plus the product of the angular rate and the time from
injection. (See fig. 3 for angular descriptions.)

The equations of motion, equations (1), along with the auxiliary
equations have been programmed for numerical integration by a fourth-
order Runge-~Kutta procedure on a digital computing machine. The results
of the integration process are the position and velocity components of
the vehicle as functions of time. Additional results include the posi-
tion components of the vehicle relative to a rotating coordinate system
(Xm,Ym)Zm) fixed at the center of the moon as shown in figure 1.

The equations can be reduced to the classical, three-body equations
by neglecting the terms due to the earth's oblateness and the solar per-
turbation and by entering as constants the earth-moon distance and rate
of revolution of the moon in its orbit. Thus, these equations provide
a means for comparison of trajectory calculations with and without the
effects of the eccentricity of the moon's orbit, the oblateness of the
earth, and the solar gravitational field.

BASIC CASES FOR TRAJECTORY COMPARISONS

For determining the order of magnitude of the effects of the eccen-
tricity of the moon's orbit, the oblateness of the earth, and the solar
gravitational field on lunar trajectories, comparisons are made between
trajectory calculations which include these effects and calculations in
which such effects have been neglected. The lunar trajectories in which
these effects are neglected are referred to as basic cases, and corre-
spond to the classic restricted three-body problem of celestial mechanics
in which an infinitesimal body moves under the gravitational influence
of the point masses of two finite bodies which revolve in circles about
their common center of mass at a constant angular rate.
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Some typical lunar trajectories have been chosen for the basic cases.
The basic cases have the common characteristics of injection from the
latitude of 28.46° N. (Cape Canaveral, Fla.), and injection at an altitude
of 300 statute miles. The injection conditions for the basic cases have
been chosen to give lunar impact at specified design values of declina-
tion of the moon and to give the same initial inclination of the plane
of the trajectory to the earth-moon plane for each set of velocity ratios.
The basic cases cover g range of injection velocity for two values of
earth-moon distances, one corresponding to perigee (229,100 miles) for a
particular month and one corresponding to mean earth-moon distance
(238,857 miles). For these basic cases, the rate of angular motion of
the earth and moon about the center of mass of the earth-moon system Wwas
considered constant for a given earth-moon distance and was obtained
from the Keplerian period of rotation of the two bodies at that distance.
The injection conditions for the basic cases are given in table I. Typi-
cal trajectories are plotted with respect to the inertial coordinate
system in figure 4.

For the investigation of the effect of the eccentricity of the moon's
orbit, two sets of basic cases permit comparisons of the effect of the
eccentricity at the earth-moon distances at which the rate of change of
distance is a minimum (at perigee) and a maximum (at mean distance).

For the investigation of the perturbations due to the sun's gravita-
tional field and the oblateness of the earth on lunar trajectories, the
particular earth-moon distance is of relatively minor importance and
therefore trajectory comparisons have been made for only one value
(258,857 miles) of this distance. For the effect of the earth's oblate-
ness, the geocentric latitude history of the vehicle is of importance,
and some additional basic cases are consldered, as discussed in a later
section.

It should be pointed out that the basic cases have not been related
to any particular date of firing. Although the launch latitude, declinag-
tion of the moon at contact, and earth-moon distances at contact have
been specified, these values have been chosen as fairly typical ones for
lunar trajectories and are not necessarily applicable for any particular
date. This also applies to the variation of the earth-moon distance
used in the calculations for the eccentricity of the moon's orbit.
Although the earth-moon distances for a particular month have been used
as a typical case, the other parameters for the trajectories do not
necessarily correspond to particular dates for that month.
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EFFECTS OF THE ECCENTRICITY OF THE LUNAR

ORBIT ON LUNAR TRAJECTORIES

General Considerations

Suppose that injection conditions relative to the earth have been
determined for lunar trajectories which result in impact on the moon,
assuming that the moon moves in a circulsr orbit about the earth. With
these same injection conditions, it is desired to determine to what
extent consideration of the eccentricity of the moon's orbit affects the
lunar trajectories. (It is assumed throughout this discussion that the
earth-moon distance at the design time of vehicle contact is the same
for both the circular and eccentric lunar orbits.)

The fact that the moon moves in an eccentric orbit means that its
angular rate of motion about the earth and the distance between the
earth and moon are changing with time. It is thus apparent that during
the flight of the vehlcle from earth to moon the positions of the moon
in its true eccentric orbit differ somewhat from the positions which it
would have in a circular orbit. These differences in the moon's posi-
tion introduce a perturbation which can be expected to cause changes in
the vehicle trajectories.

To investigate the effects of the eccentricity of the moon's orbit
on lunar trajectories, trajectory calculations which neglect and include
the eccentricity of the orbit are compared. (For these comparisons, the
earth's oblateness and solar perturbation terms in eqs. (1) are neglected
in both the eccentric and circuler orbit trajectory calculations.) For
the eccentric orbit trajectory calculations, the actual earth to moon
distances and the angular position of the moon in the earth-moon plane
are entered into a table as functions of time. The values for these
parameters are calculated from data available in reference 8. The earth-
moon distance is calculated from the horizontal parallax of the moon.

The angular motion of the moon in the earth-moon plane involves reduc-
tion of the data for latitude and longitude of the moon (in the ecliptic
system) to angular position in the earth-moon plane.

For the month of September 1959, the earth-moon distance is shown
at the top of figure 5, and the angular rate of motion of the moon in the
earth-moon plane is shown at the bottom of the figure. The earth-moon
distances and angular rate of motion of the moon shown by the solid curves
of figure 5 have been used as typical values in the trajectory calcula-
tions which consider the eccentricity of the moon's orbit. Also shown
in the bottom part of the figure are the rates of angular motion of the
moon assuming a circular orbit with radius equal to the earth-moon dig-
tance for the given date, such as might be used in the corresponding

o o
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three-body problem. (The angular rates, for earth to moon distances

of 238,857 miles and 229,100 miles, which are used in the basic cases
are indicated on the figure.) The choice of perigee distance

(229,100 miles) and mean earth-moon distance (238,857 miles) as the dis-
tances at time of lunar impact for the trajectory calculations considers
the cases for which approximately minimum and maximum rste of change of
earth-moon distance and minimum and maximum rate of change of angular
rate of motion of the moon occur during the flight time to the moon.

Injection Situation for Eccentric-Orbit Trajectories

For comparing trajectories calculated with circular and eccentric
lunar orbits, the calculations were madé with equal values of injection
conditions relative to the center of the earth. With regard to the
position of the moon at injection, two different injection situations
are considered for the eccentric-orbit calculations. These injection
situations are 1llustrated schematicully in figure 6.

One injection situation assumes that the position of the moon at
injection, relative to the design contact position, is the same for the
eccentric-orbit trejectories as for the comparsble circular-orbit tra-
Jectories. This also means that the position angle V for the eccentric-
and circular-orbit trajectories is the same. Trajectories calculated
with this inJection situation are called trajectories A and are illus-
trated schematically in part (a) of figure 6.

The other injection situation assumes that for both eccentric-
and circular-orbit cases the moon is at the design contact position
after the design flight time. The position angle V for the eccentric-
orbit trajectory is thus different from that for the comparable circular-
orbit case. However, for this situation the injection time, measured
relative to the design contact time, is the same for both the eccentric-
orbit case and the comparable circular-orbit case. Trajectories cal-
culated with this injection situation are called trajectories B and are
illustrated in part (b) of figure 6.

Trajectory Comparisons

The compearisons ¢f lunar trajectories with circular and eccentric
lunar orbits are shown in figures 7 to 9. In order to facilitate the
presentation, these trajectories are plotted with respect to a right-
hand rotating coordinaste system with the origin at the center of the
moon (fig. 1). In this right-hand system, the Xp-axis 1s the line
Jjoining the centers of the earth and moon, positive in the direction
away from the earth; the Y -axis is normal to the Xp~axis, positive in
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the direction of the moon's motion; and the Zyj-axis is normal to the

earth-moon plane. Two views of the trajectories are shown in figures 7
to 9, one looking down on the earth-moon plane and one looking along

the earth-moon plane. Time of flight, measured in hours from the injec-
tion time, is indicated on the figures.

It is to be noted that all the trajectories shown in figures 7 to 9
result in lunar impact. This fact gives an indication of the order of
magnitude of the effect of the eccentricity of the lunar orbit on lunar
trajectories, for even In the cases considered in trajectories A, the
effect of the eccentricity is not sufficiently large to prevent lunar
impact.

On comparing trajectories A with the basic cases, it is seen that
all these trajectories tend to impact st points more behind the center
of the moon than the basic cases, partially because of the greater
angular travel of the moon during the time of flight of the wvehicle for
the eccentric cases, as indicated by the angular rates of motion shown
in figure 5. Additional considerations of such items as the gravitational
influence of the moon on the trajectories, the variation of this gravita-
tional influence with injection velocity and earth-moon distance, dif-
ferences in flight time, and other factors tend to complicate any more
detailed discussion of the trajectories.

Trajectories B are also presented in figures 7 to 9. Comparison
of trajectories B with the basic trajectories shows that when the dif-
ference in angular motion of the moon during the flight time for the
two cases is accounted for, the effect of the eccentricity of the lunar
orbit is fairly small, The difference in angular motion is accounted
for simply by injecting the vehicle, for the eccentric-orbit case, at
the same time relative to the design contact time as that for the basic
case. The differences between the basic trajectories and trajectories B
are partially due to small differences in the gravitational force, in
magnitude and direction, of the moon on the vehicle, and partiaslly due
to small differences in flight time. No attempt is made to evaluate
the separate effects. The differences between impact points on the lunar
surface for the basic trajectories and trajectories B amount to about 12
to 230 miles. The differences between impact points for trajectories A
and B and the basic cases are summarized in table IT.

From the preceding results, it can be seen that the effect of the
eccentricity of the lunar orbit can be such as to modify lunar trajec-
tories in the vicinity of the moon by an order of magnitude of about a
lunar radius as compared with trajectories which consider a circular
lunar orbit. However, if the injection situation for the eccentric
orbit is chosen such that the injection .time is the same, relative to
the design contact time, as that for the basic case, the effect of the
eccentricity of the orbit 1s small.

OO
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THE EFFECT OF THE EARTH'S OBLATENESS ON LUNAR TRAJECTORIES

General Considerations

To investigate the effect of the earth's oblateness, trajectories
calculated by utilizing the equations of motion which include the addi-
tional terms due to the oblateness are compared with those trajectories
calculated by neglecting these terms; that is, the basic cases. For
both of these sets of trajectory calculations, the solar gravitational
field and the eccentricity of the moon's orbit are neglected. The injec-
tion conditions for the trajectory calculations which include and neglect
the oblateness are identical, and comparison of the two sets of trajec-
tories in the vicinity of the moon gives an indication of the msgnitude
of the effect of the earth's oblateness.

The manner in which the oblateness perturbation affects the trajec-~
tory depends on a number of variables. The most important variables
appear to be the heading angle and the latitude of the launch point which
determine the inclination of the orbit to the equator, the injection
velocity which essentially determines the flight time, and the injection
angle which determines the geocentric angular travel of the vehicle. A
rough qualitative description of the effects can be made by resolving
the perturbation force into its two components and examining the effect
on the trajectory of each component. The additional force components
due to the earth's oblateness are:

(1) A radial force which produces a meximum acceleration toward the
center of the earth when the particle is on the equator, produces a
maximum acceleration away from the esrth when the particle is at a pole,
and vanishes at a latitude of 35.27°.

(2) An orthogonal force component (normal to the geocentric radius
and in the plane containing the radius and the polar axis) which always
acts to accelerate the vehicle toward the equatorial plane, has a maxi-
mum value at a latitude of 45°, and vanishes when the vehicle is at the
pole or in the equatorial plane.

The force components are proportional to the coefficient of the
second harmonic of the gravitational potential and inversely proportional
to the fourth power of the geocentric radius of the particle. Thus, they
are relatively small forces which decrease very rapidly as the particle
recedes from the earth. Because of this, the forces produce their major
effects just after the vehicle is injected and is still relatively nesr
the center of the earth.
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Trajectory Comparisons

Figure 10 shows the basic trajectories (1, 2, and 3 in table I) and -
the perturbed trajectories. The trajectories are terminated at the point
at which they intercept the lunar surface. The distance measured along
the lunar surface from the basic-trajectory impact point to the perturbed-
trajectory impact point is tabulated in table IT for the trajectories
presented in figure 10. (Trajectories for the solar gravitational gradi-
ent perturbation are also shown in figure 10. These trajectories are
discussed in a later section.)

For the cases presented in figure 10, which have a due-east injec-
tion, the trace of the vehicle on the surface of the earth rapidly
approaches the equator during the important part of the trajectory.
Figure 11 shows the latitude and geocentric-radius time histories for
the basic case with a velocity ratio of 0.996 (basic case 2 in table I).
The other velocity ratios have similar veriations. During the first
hours the radial force component tends to increase the curvature of the
trajectory and to decrease the velocity as compared to the basic cases.
The increased curvature displaces the trajectory in front of and below
the moon and the reduced velocity displaces the trajectory behind the
moon. Since the initial part of the trajectory is north of the equator, .
the orthogonal component tends to displace the trajectory below the
moon. However, the trace of the vehicle rapidly approaches the equator
at which the orthogonal component vanishes; therefore, the effect of -
this component is small.

OO H

The relative effectiveness of these forces will depend on a number
of varisbles. For example, it is expected that a given retarding force
will not change the flight time to the moon for high injection velocities
as much as it will for low injection velocities. Also, the radial force
will change the curvature of a low-injection-angle trajectory more than
it will for a high-injection-angle trajectory inasmuch as the vehilcle
has a greater geocentric angular travel in the effective range of the
force in the former case. In the light of the above discussion, it
appears that for the basic cases presented in which the injection angle
decreases as the velocity increases there may be an injection velocity
at which the displacements of the trajectory in the XY plane will vanish.

Figure 10 shows that the perturbed trajectory for %L-= 1.006 passes
P
in front of the respective basic trajectory while the perturbed trajec-
tory for %L = 0.996 passes behind the basic trajectory; thus the
D

velocity at which the displacements cancel is between these two values.

It is expected that the manner in which the oblateness perturbation
disturbs the trajectory will depend to a certain extent on the latitude
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time history of the vehicle immediately after injection. In order to
indicate the magnitude of this effect, three additional basic trajec-
tories (cases T, 8, and 9 in table I) were calculated with the use of
the same velocity ratios and injection angles as cases 1, 2, and 3 in
table I. However, the vehicle is injected with a heading north of east
in order to impact the moon at zero declination. Figure 11 shows the

latitude time history for eL = 0.9% (basic case 8 in table I). The
1Y

radius time histories for cases 2 and 8 are essentially the same.

Figure 12 shows these basic trajectories (cases 7, 8, and 9 in
table I) and also the perturbed trajectories in the region of the moon,
and table II gives the distance measured on the lunar surface between the
basic and perturbed impact points. In the region of the moon, the per-
turbed trajectories in figure 12 are displaced slightly more in the nega-
tive 2 direction than the perturbed trajectories presented in figure 10.
This displacement is partly due to the increased megnitude of the orthog-
onal component as the initial parts of the trajectories pass farther north
with respect to the equator. The perturbed trajectories in figure 12
also are displaced slightly farther behind the moon than those given in
figure 10. This slightly greater displacement results from the additional
effect that the orthogonal component has on the trajectory because the
path is north of east at injection. This force now has components which
both tend to decrease the velocity of the vehicle and to decrease the
curvature of the trajectory, causing the vehicle to pass farther behind
the moon.

The result of these additional displacements, as compared with the
due-east injection cases, is to increase the impact-point variation by a
few miles, as indicated in the numerical results in table II.

The results discussed in the preceding analysis indicate that the
effect of the earth's oblateness on lunar trajectories can be of some
importance, especially for trajectories with low injection velocities
and latitude time histories which produce additive displacements in
the region of the moon. As the injection velocity increases, the
effect of the earth's oblateness decreases but is still of sufficient
magnitude to be considered in a variety of lunar missions.

THE EFFECT OF THE SOLAR PERTURBATION ON LUNAR TRAJECTORIES

The effect of the solar perturbation is investigated by comparison
of lunar trajectories calculated with use of equations of motion which
include and neglect the terms due to the solar gravitational field.
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The two sets of trajectories were calculated with identical injection
conditions (with a = 238,857 miles), and for both sets the terms in the
equations of motion due to the eccentricity of the moon's orbit and the
oblateness of the earth are neglected. For the results presented herein,
the sun was 5.2° North of the earth-moon plane, at a distance of

92.9 X 10° miles from the barycenter, and was assumed to rotate about
the barycenter with constant angulaer velocity and radius.

Various angular positions of the sun at injection were investigated
to determine the location which gave maximum displacement of the impact
point from the basic-case impact point. Figure 13 shows the results of

this investigation for the median-velocity case (%L = 0.996|. The angular
P
coordinate gives the position of the sun projected into the earth-moon
plane. The angle is measured eastward from the X-axis to the sun's
position at injection. The radial coordinate indicates the displacement
in miles on the lunar surface of the perturbed impact point from the
basic-case impact point for a given position of the sun. For example,
the maximum displacement on the lunar surface of 120 miles occurs when
the sun is 50° east of the X-axis at injection. For this velocity ratio,
the moon and sun rotate around the barycenter about 33° and 2.&0,
respectively, during the flight time of 58 hours.

Iet the solar perturbation force be resolved into tangential and
normal components at each point along the trajectory. The tangential
component accelerates the vehicle along the path, elther increasing or
decreasing the flight time and causing the vehicle to pass behind or in
front of the center of the moon. The normal component essentially
changes the curvature of the path. If the curvature is increased, the
vehicle passes in front of the moon and if decreased the vehicle passes
behind the moon. As the angular position of the sun is varied, these
two effects change in relative importance and result in the maximums
and minimums shown in figure 13. The maximums result from an additive
combination of these forces and the minimums result from a combination
in which the displacements due to each component tend to cancel.

The trajectories in the region of the moon for sun positions for
which the maximum displacements occur are shown in figure 10. The arrows
indicate the direction of the sun when the vehicle impacts on the lunar
surface. Table II gives the magnitude of the impact-point variation
for these three cases. The displacement of the perturbed trajectory
from the basic trajectory is seen to decrease rapidly as the veloclty
increases or the flight time decreases.

In order to determine the effect on the impact point of the sun's
inclination with respect to the XY plane, the inclination was varied

OO @
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from +?.2° to -5.2°. This variation produced only small changes in the
direction and magnitude of the displacements on the lunar surface.

COMBINED EFFECTS OF PERTURBATIONS

Some additional calculations have been made to investigate the
combined effects of the eccentricity of the lunar orbit, the oblateness
of the earth, and the solar gravitational gradient on lunar trajectories.
The results of the calculations indicate that the combined effects
approximately correspond to a superposition, with respect to the basic
cases, of the individual effects. Thus, if more than one of the
individual effects are considered to be of importance for a particular
mission, all the important effects should be included in the tra-
Jectory calculations.

CONCLUDING REMARKS

|

\
Comparisons have been made of lunar trajectories which have been

calculsted using the classic restricted three-body egquations of motion \

and lunasr trajectories (with identical injection conditions) which have

been calculated with equations of motion which include terms representing

the additional effects of the eccentricity of the moon's orbit, the

oblateness of the earth, and the solar gravitational gradient.

The effect of the eccentricity of the lunar orbit can be such as to
modify lunar trajectories in the vicinity of the moon by an order of
magnitude of about a lunar radius as compared with trajectories which
consider a circular orbit. However, if the injection situation for the
eccentric orbit is chosen such that the injection time is the same,
relative to the design contact time as that for the basic case, the
effect of the eccentricity is small, of the order of one or two hundred
miles on the lunar surface.

The effect of the earth's oblateness on lunar trajectories is
dependent on the time history of the geocentric latitude of the vehi-
cle, particularly during the time in which the vehicle is in the vicin-
ity of the earth. The effect of the earth's oblateness can cause dif-
ferences in the lunar trajectories with respect to the moon of several
hundred miles. The effect of the earth's oblateness decreases as the
injection velocity is increased.
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The effect of the solar gravitational gradient on lunar trajectories
is relatively small and causes differences in the trajectories with
respect to the moon on the order of magnitude of one or two hundred miles
in impact point on the lunar surface. These differences also decrease
as the injection velocity is increased.

Whether consideration should be given to differences of the amounts
discussed above depends on the particular lunar mission, but the present
results indicate the order of magnitude of the differences in the trajec-
tories due to the approximation involved in neglecting the additional
effects.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Field, Va., November 17, 1959.
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o

Earth-equatorial plane

L=-800

Figure 2.- Illustration of angular relations between coordinate system
and earth-equatorial plane.

Center of mass of sun
Earth-moon plane

‘fl—— Plane of sun's motion around barycenter

Figure 3.- Illustration of angular relations between coordinate system
and sun's plane.
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Rate of angular motion of moon in earth-moon

Earth-moon distance, miles

plane, deg/day
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260,000

250,000

240,000 /

220,000
15
— Rate assumed for basic
// / cases L4 to 6

u‘ '/= -~ ~ I

//i’ ::5\ I i

7 \\ —

2 AN Rate assumed for basic

// \\ / cases 1 to 3
N and 7 to 9 /
13 / - 7
N
\
N A
- Calculated rate from data in N rd
ref. 8 (eccentric case) ~ >
—_—— — — Ca]r:\.zlated rate from earth-moon distance
12- using two-body equations (tasic case) =
11
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Day of month for Sept. 1$5¢, O hr, Universal time

Figure 5.- Typical values of earth-moon distance and rate of angular

motion of the moon.
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Moon at contact

Vehicle trajectory

Uy for eccentric\\—gccentric lunar orbit
orbit

r‘) X

/ up, for ¢ircular orbit Mnoon at injection

(a) Injection situation for trajectories A.

/._Moon at contact

Vehicle trajectory Circular lunar orbit

w, for eccentric

«—Eccentric Junar orbit
Jrbit

X

————— T —_— —— — __v_e\_
/ / [u,n for circular orbit- ZMoon at injection

Y ~Alp for eccentric
orbit cases

(b) Injection situation for trajectories B.

Figure 6.- Schematic illustration of injection situations considered.
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Figure 10.- Basic and perturbed trajectories in the region of
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Figure 10.- Continued.
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